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The Kohn-Luttinger mechanism for unconventional superconductivity (SC) driven by weak repul-
sive electron-electron interactions on a periodic lattice is generalized to the quasicrystal (QC) via a
real-space perturbative approach. The repulsive Hubbard model on the Penrose lattice is studied
as an example, on which a classification of the pairing symmetries is performed and a pairing phase
diagram is obtained. Two remarkable properties of these pairing states are revealed, due to the
combination of the presence of the point-group symmetry and the lack of translation symmetry on
this lattice. Firstly, the spin and spacial angular momenta of a Cooper pair is de-correlated: for
each pairing symmetry, both spin-singlet and spin-triplet pairings are possible even in the weak-
pairing limit. Secondly, the pairing states belonging to the 2D irreducible representations of the
D5 point group can be time-reversal-symmetry-breaking topological SCs carrying spontaneous bulk
super current and spontaneous vortices. These two remarkable properties are general for the SCs
on all QCs, and are rare on periodic lattices. Our work starts the new area of unconventional SCs
driven by repulsive interactions on the QC.
PACS numbers: ......
Introduction: The quasicrystal (QC) has attracted a
lot of research interests [1] since synthesized [2]. The QC
represents a certain type of solid structures which are lack
of translation symmetry but can possess rotation symme-
tries such as the five-folded or eight-folded ones forbidden
by crystalline point group [2]. The electronic structure
on a QC is exotic and fundamentally different from that
on a crystal. Specifically, due to the lack of translation
symmetry on a QC, the lattice momentum is no longer a
good quantum number and no Fermi surface (FS) can be
defined. Various exotic quantum states with intriguing
properties have been revealed on the QC recently [3–27].
Particularly, the definite experimental evidences for su-
perconductivity (SC) in the recently synthesized Al-Zn-
Mg QC [28], together with those in previous ternary QCs
[29, 30] and crystalline approximants [31], have attracted
a lot of research interests [32–36]. It’s interesting to ask
a question here: are there any common features of su-
perconducting states on the QC which are different from
those on a crystal?
In Ref [32, 33, 36], the pairing states for attractive
Hubbard models are studied on QC lattices. It’s found
that the attractive interactions can lead to Cooper pair-
ing [37] between a time-reversal (TR) partners, obeying
the Anderson’s theorem [38]. Further more, despite the
lack of lattice momentum on the QC, the Cooper pair-
ing can lead to a finite superfluid density [36]. These
results [32, 33, 36] suggest that the SC on the QC with
attractive interactions is consistent with the BCS theory.
However, the situation is distinct for the cases with repul-
sive interactions, as will be shown below. The pairing in
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the presence of weak repulsive interactions is induced by
the Kohn-Luttinger (KL) mechanism [1, 2]. This theory
states that the interaction renormalization brought about
by exchanging particle-hole excitations is anisotropic on
the FS, which can generate some attractive-interaction
channels between the TR partners, which finally leads to
Cooper pairing on the FS. Here, we generalize this mech-
anism to the QC, and obtain unconventional SCs with a
series of remarkable properties intrinsic to the QCs which
are rare on periodic lattices.
In this paper, we study the KL SC in a weak-U re-
pulsive Hubbard model on a Penrose lattice. Via a real-
space perturbative treatment up to the second order, we
acquire an effective interaction vertex, through which we
derive a linearized gap equation near the superconduct-
ing critical temperature Tc, solving which we obtain the
Tc and the pairing gap functions. We classify the pairing
symmetries and obtain the pairing phase-diagram after
large scale numerical calculations. Two remarkable re-
sults are obtained. Firstly, the orbital- and spin- angular
momenta of the Cooper pair are de-correlated even with-
out the spin-orbit coupling (SOC), which means that we
can obtain both spin-singlet and spin-triplet pairings for
the same pairing symmetry, distinguished from the case
on a periodic lattice. Secondly, any 2D irreducible rep-
resentation (IR) of the D5 point group can bring about
TR symmetry (TRS)-breaking topological SCs (TSCs)
hosting spontaneous bulk super current and spontaneous
vortices. These two properties are caused by the com-
bination of the point-group symmetry and the lack of
translation symmetry, and are thus general for the SCs
on any QC, and are rare on periodic lattices.
Model and Approach: Let’s consider the following
standard repulsive Hubbard model on the Penrose lattice
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Figure 1. (Color online) Lattice pattern with 191 sites (a)
and the DOS of the TB Hamiltonian on a lattice with 13926
sites (b). In (a), the lattice constant is a.
[41] with lattice constant a shown in Fig. 1(a) [42],
Hˆ = −
∑
i,j,σ
tijc
†
iσcjσ + U
∑
i
ni↑ni↓ − µ
∑
i,σ
niσ, (1)
where ciσ annihilates an electron at site i with spin
σ, niσ is the electron-number operator, and µ denotes
the chemical potential. The hopping integral tij =
e−|ri−rj|/min({|ri−rj|}), where |ri−rj| denotes the distance
between different sites i and j, and min({|ri − rj|}) =
0.618a. The tight-binding (TB) part of Eq. (1) is diago-
nalized as HˆTB =
∑
m ˜mc
†
mσcmσ, with cmσ =
∑
i ξimciσ.
Here m labels a single-particle eigen state with energy
˜m = m − µ relative to the chemical potential, and ξim
represents for the wave function for the statem. The den-
sity of states (DOS) at the Fermi energy shown in Fig.
1(b)[43] peaks at around the filling fraction of 0.9, which
will be focused on below. In unit of the largest hopping
integral, the total band width WD is about 7.56. We
consider weak U > 0 and adopt perturbative approach
in our work.
For this repulsive Hubbard model, SC is forbidden in
the mean-field (MF) level. However, it can be driven by
the KL mechanism, wherein unconventional SC is me-
diated by exchanging particle-hole excitations. Due to
the lack of translation symmetry, we engage a real-space
perturbative treatment, whose details are provided in the
Supplementary Material (SM) [44]. The real-space prop-
agator of the particle-hole excitations is described by the
susceptibility function, which in the bare level reads [44]
χ
(0)
ij (iΩn) =
ˆ β
0
eiΩnτdτ〈Tτ c†i↑(τ)ci↑(τ)c†j↑cj↑〉0
=
∑
ml
ξimξjmξilξjl
nF (˜m)− nF (˜l)
iΩn + ˜l − ˜m . (2)
In our calculations, only about a 1000× 1000 number
of (m, l) near the Fermi level are summed in Eq. (2).
In our perturbative treatment [44], the four second-order
processes of exchanging particle-hole excitations induce
effective interactions, from which we obtain [44]
Hˆeff = −
∑
i,j,σ
tijc
†
iσcjσ + U
∑
i
ni↑ni↓ − µ
∑
i,σ
niσ
−(U2/2)
∑
i,j,σ,σ′
χijc
†
iσciσ′c
†
jσ′cjσ, (3)
with χij ≡ χ(0)ij (iΩn = 0). The induced term with coeffi-
cient −(U2/2) in Eq. (3) can drive SC in the MF level.
Figure 2. (Color online) Contour plots of relative |∆˜mn| and
∆i,O, where O is the center of Penrose tiling, for a singlet s
state (a and c, filling=0.81, U/WD = 0.32) and a triplet d+id
state (b and d, filling=0.98, U/WD = 0.32). In (d), the direc-
tion of each marked green arrow at the site i represents phase
angle of ∆i,O and the color represents the relative amplitude.
A BCS-MF study is performed on Eq. (3) [44]. Noting
that the Cooper pairing can only take place near the
Fermi level, we transform the real-space pairing order
parameter ∆ij into the m-space as ∆˜mn and maintain
those m/n-states within a narrow energy shell near the
Fermi level. A self-consistent MF equation for ∆˜mn is
obtained at any temperature, leading to the following
linearized equation at Tc [44],∑
m′n′
Fmn,m′n′
˜˜∆m′n′ =
˜˜∆mn, (4)
with ˜˜∆mn = ∆˜mnfmn, where
fmn =
√
(nF (−˜n)− nF (˜m))/(˜m + ˜n). (5)
3Table I. IRs of the D5 point group and classification of pairing symmetries. Rˆθ denotes the rotation about the center of the
Penrose lattice by the angle θ = 2npi/5 and σˆ represents the reflection about any of the five symmetric axes. D(C2pi/5) and
D(σx) are the representation matrices for the two generators of D5, i.e. C2pi/5 and σx, up to any unitary transformation. For
each pairing symmetry listed, both spin-singlet and spin-triplet pairings are possible.
IRs D(C2pi/5) D(σx) pairing symmetries ground-state gap functions
1D
A1 I I s ∆Rˆθi,Rˆθj = ∆i,j, ∆σˆi;σˆj = ∆i,j
A2 I −I hy5−10x2y3+5x4y ∆Rˆθi,Rˆθj = ∆i,j, ∆σˆi;σˆj = −∆i,j
2D
E1 cos
2pi
5
I ± i sin 2pi
5
σy σz (px, py) ∆Rˆθi,Rˆθj = e
±iθ∆i,j, ∆σˆi,σˆj 6= ±∆i,j
E2 cos
4pi
5
I ± i sin 4pi
5
σy σz (dx2−y2 , d2xy) ∆Rˆθi,Rˆθj = e
±2iθ∆i,j, ∆σˆi,σˆj 6= ±∆i,j
The formula Fmn,m′n′ for the singlet pairing is given as
F
(s)
mn,m′n′ = −fmnfm′n′
[
U
∑
i
ξimξinξim′ξin′
+
U2
4
∑
i,j
χij(ξimξjn + ξinξjm)× (m,n⇒ m′, n′)
]
, (6)
and for the triplet case it is
F
(t)
mn,m′n′ = fmnfm′n′
[
U2
4
∑
i,j
χij(ξimξjn
−ξinξjm)× (m,n⇒ m′, n′)
]
. (7)
The linearized gap equation (4) takes the form of an
eigenvalue problem of the matrix Fmn,m′n′ (here we take
the combined mn or m′n′ as one index), wherein its
largest eigenvalue attains 1 at Tc, with the corresponding
eigenvector ˜˜∆mn determining the pairing symmetry. Due
to the lack of translation symmetry here, the real-space
gap function ∆i,j is no longer just a function of i− j,
but a binary function of both i and j. The situation is
similar in the m-space. The m,n-dependence of |∆˜mn|
is shown in Fig. 2 for two typical solutions solved from
Eq. (4), where for each m there is no unique n which
makes |∆˜mn| dominate that of any other n, distinct from
the result for U < 0 wherein |∆˜mm|  |∆˜mn(n 6= m)|
[36]. Such a behavior breaks the Anderson’s theorem ap-
plied for the strong-disorder-limit superconductors.
Pairing symmetries and phase-diagram: The
classification of pairing symmetries here is based on the
symmetry of the linearized gap equation (4) [44]. It’s
proved that the “pairing potential” Fmn,m′n′ is invariant
under the D5 point group. Consequently, the set of so-
lutions { ˜˜∆(α)mn} (α = 1 or 1, 2) of Eq. (4) corresponding
to the same Tc furnish an IR of D5. This statement also
holds for the real-space gap function ∆(α)i,j [44]:
∆
(α)
gˆi,gˆj =
∑
α′
D
(g)
αα′∆
(α′)
i,j , (8)
with any g ∈ D5. Then, from the IR which the set of ma-
trices {D(g)} belong to, one can judge the pairing sym-
metry of the state with gap function ∆(α)i,j .
The four IRs of the D5 point group are listed in Ta-
ble I, including two 1D IRs, i.e. A1 and A2, and two
2D IRs, i.e. E1 and E2. For each IR, we list the repre-
sentation matrices for the two generators of D5, i.e. the
C2pi/5 and σx, up to an arbitrary unitary transformation.
Each IR listed in Table I corresponds to one pairing-
symmetry class. The identity representation A1 is the
s-wave with angular momentum l = 0. The A2 represen-
tation is the hy5−10x2y3+5x4y-wave with l = 5 which is σ-
reflection odd. The E1 (E2) representation provides the
doubly-degenerate p-wave (d-wave) with l = 1 (l = 2).
Note that for each of the pairing symmetry listed in
Table I, both spin-singlet and spin-triplet pairings are
possible, suggesting that the pairing angular momentum
l and the spin statistics are independent. Such indepen-
dence between the former and the latter is general on
all QC lattices due to the lack of translation symmetry.
Generally, in a singlet (triplet) pairing state where the
spin part of the Cooper-pair wave function is exchange-
odd (even), the Fermi statistics requires the spacial part
to be exchange- even (odd). The exchange operation in
the latter case can be viewed as a 180o-rotation about the
mass center of the Cooper pair, and thus this exchange
parity is related to the angular momentum l˜ of the mov-
ing Cooper pair about its mass center. However, without
translation symmetry, l˜ is different from l, as the latter
is with respect to the fixed coordinate origin. Therefore,
on QC lattices, the pairing angular momentum l and the
spin statistics are unrelated. Note that such indepen-
dence between the former and latter can also originate
from the lack of inversion symmetry, which can also take
place on non-centrosymmetric periodic lattices[45].
The pairing phase diagram is shown in Fig. 3 obtained
through solving Eq. (4) for the singlet and triplet chan-
nels separately. In our calculations, we adopt a lattice
with 13926 sites with open-boundary condition. We fo-
cus on the filling range of (0.78, 0.99) wherein the DOS
is relatively large and the Tc is relatively high. The
Hubbard-U adopted here is within a weak-coupling range
of (0,WD/3). For the sake of reducing the computa-
tion complexity, we limit the states marked by m(′)/n(′)
in Eq. (4) to Eq. (7) within a narrow energy window
near the Fermi level containing about 100 states. From
Fig. 3, the obtained pairing symmetries slightly depend
40.78 0.83 0.88 0.93 0.99
0.04
0.11
0.18
0.25
0.32
Figure 3. (Color online) Ground-state pairing phase diagram
in the filling-interaction plane. The interaction strength of U
is limited within a weak-coupling range of (0,WD/3).
on U/WD but strongly depend on the filling level. Six
out of the eight possible pairing states listed in Table I
are obtained, including the singlet and triplet s- and d-
waves, the singlet p-wave and the triplet h-wave pairing
symmetries.
Exotic TSCs: The spin-singlet and spin-triplet p- and
d-wave pairings states listed in Table I or Fig. 3 belong
to 2D IRs of the point group, suggesting the existence
of doubly degenerate gap functions ∆(1,2)mn , which would
be mixed below Tc to lower the free energy. At T = 0,
the minimization of the expectation value of the effective
Hamiltonian (3) in the BdG MF ground state with gap
form factor ∆(1)mn+α∆
(2)
mn yields α = ±i for all these cases.
Therefore such degenerate doublets would be mixed as
p + ip and d + id in the ground state. The real-space
gap functions ∆i,j = ∆
(1)
i,j ± i∆(2)i,j of these mixed states
show nontrivial winding-number structures: with each
θ-angle rotation (θ = 2npi/5) about the lattice center
performed on combined (i, j), the complex phase of ∆i,j
would be shifted by ±lθ (l: angular momentum), as listed
in Table I, and shown in Fig. 2(c) and (d) for the s-
and d + id- wave pairings respectively. Such nontrivial
winding numbers of these pairing states suggest that they
are topologically nontrivial.
To better characterize the topology of these pairing
states on the QC without translation symmetry [4, 5],
we use the K-theory class characterized by the Chern
number. On the finite lattice, based on the spectral-
localizer method, the Chern number is obtained as the
following pseudo-spectrum invariant index Cps [44],
Cps =
1
2
Sig
 X Y + iH
Y − iH −X
 . (9)
Here X and Y are the position operators, H is the BdG-
Hamiltonian matrix and Sig represents the difference
between the numbers of positive and negative eigenval-
ues of the matrix acted on [44]. Using this formula,
we prove[44] that any global unitary transformation on
Figure 4. (Color online) Contour plot of the amplitude of the
spontaneous bulk super current in the same pairing state as
that in Fig. 2(b). The green arrows indicate the direction of
the current at a specific site. To enhance the visibility, only
typical sites are marked with the direction of the current.
the system maintains Cps, and that the TR operation
changes the sign of Cps, which lead to the following con-
clusions. Firstly, the Cps of all 1D-IR pairing states are
zero. Secondly, for triplet pairing states belonging to
the 2D-IRs, the Cps for the TRS-breaking chiral-pairing
states
∑
ij ∆i,j(ci↑cj↓ + ci↓cj↑) + h.c. (or
∑
ij ∆i,j(ci↑cj↑ ±
ci↓cj↓) + h.c.) are twice of those for the spinless system
with
∑
ij ∆i,jcicj + h.c., and those for the TRI helical-
pairing states
∑
ij(∆i,jci↑cj↑ ±∆∗i,jci↓cj↓) + h.c. are zero.
These triplet pairing states are degenerate here without
considering the spin-orbit coupling. Our numerical cal-
culations on the 2D-IR singlet and chiral-triplet pairing
states appearing in the phase diagram yield that their
Chern numbers are generally integer multiples of twice
of their spacial angular momenta, suggesting the pres-
ence of TSCs without translation symmetry.
A general and remarkable property of the TSCs on
a QC is the presence of spontaneous bulk super cur-
rent caused by the lack of translation symmetry. To
illustrate this point, we have calculated the expecta-
tion values of the site-dependent current operator Jˆi =
−δHˆ/δAi|A=0 = i2
∑
jσ tij(rj− ri)c†iσcjσ + h.c. (see [44]).
Note that Jˆi is TR odd, whose expectation value
〈
Jˆi
〉
should vanish in TRI states. However, in the TRS-
breaking chiral pairing states belonging to the 2D-IR, our
numerical results shown in Fig. 4 illustrate a five-folded-
symmetric pattern with
〈
Jˆi
〉
6= 0 for any typical site.
It’s intriguing that the super current forms spontaneous
vortices here and there, leading to bulk orbital magneti-
zation that can be detected by experiments. Note that
5on periodic lattices, the spontaneous super current for a
topological superconducting state usually appears at the
edge[50–58], although it can also appear in the bulk on
complex enough lattices. In the latter case, the averaged
current within a unit cell should vanish, otherwise the su-
perfluid density (see below) would be infinity. However,
on the QCs with no translation symmetry and hence no
unit cell, the distribution pattern of the super current is
not limited by such a constraint.
Discussion and Conclusion: One might wonder
whether the lack of translation symmetry on the Pen-
rose lattice would destroy the phase coherence of the
pairing state. This puzzle can be settled by inves-
tigating the superfluid density ρs defined as ραβs ≡
limA→0
−〈A|Jˆα[A]|A〉
Aβ
, with α/β = x, y [44]. Here a weak
uniform vector potential A along the β- direction is cou-
pled with the system, Jˆ[A] = −δHˆ[A]/δA and |A〉 rep-
resents the ground state of Hˆ[A]. It’s proved here [44]
that ραβs = ρ0δαβ and our numerical result yields ρ0 > 0,
suggesting a true superconducting state with nonzero su-
perfluid density and hence measurable Meissner effect.
The real-space perturbative approach engaged here
and the insight acquired from this work would also apply
to other QCs. Particularly, the recently synthesized 30◦-
twisted bilayer graphene [59, 60] provides a relevant plat-
form for the QC Hubbard model studied here. Similar
exotic TSCs would be detected there with proper doping.
More interestingly, the D12 point group of that QC sys-
tem leads to more IRs than those of the Penrose lattice.
Consequently, exotic TSCs with winding numbers of 3, 4
and 5 are possible, higher than the 1 (p+ ip) or 2 (d+ id)
obtained here or in periodic systems.
In conclusion, we have performed a real-space pertur-
bative calculation for the Hubbard model on the Pen-
rose lattice. Our results reveal various classes of uncon-
ventional SCs induced via the Kohn-Luttinger mecha-
nism. We have classified the pairing symmetries accord-
ing to the IRs of the D5 point group of this lattice, with
most of them exhibited in the pairing phase diagram.
Remarkably, each pairing symmetry can be both spin-
singlet and spin-triplet. All the 2D-IR pairing states can
be TRS-breaking chiral TSCs hosting spontaneous bulk
super current and spontaneous vortices. These pairing-
mechanism-independent exotic properties of the SCs on
the Penrose lattice are caused by the combination of the
point-group symmetry and the lack of translation sym-
metry, and are thus general for all QC lattices, and are
rare on periodic lattices. Our work starts the new area
of unconventional SCs driven by repulsive interactions on
the QC.
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I. THE REAL-SPACE PERTURBATIVE THEORY
Let’s start from the following positive-U Hubbard model on the Penrose lattice,
H = −
∑
ijσ
tijc
†
iσcjσ + U
∑
i
ni↑ni↓ − µ
∑
iσ
niσ. (A1)
To treat with this interacting system, let’s first investigate the tight-binding (TB) model in its kinetic-energy part,
which can be diagonalized as
HTB = −
∑
ijσ
tijc
†
iσcjσ − µ
∑
iσ
niσ =
∑
m
(m − µ)c†mσcmσ ≡
∑
m
˜mc
†
mσcmσ (A2)
Here the index m labels the eigen state on the Penrose lattice, and cmσ =
∑
i ξimciσ, with ξim representing for the
wave function for the state m. In the following, we shall perform a real-space perturbative treatment on the Hubbard
interaction.
The Matsubara single-particle Green’s funciton is defined as,
Gijσσ′(τ1, τ2) = −〈Tτ ciσ(τ1)c†jσ′(τ2)〉 = Gijσσ′(τ1 − τ2), (A3)
with ciσ(τ) ≡ eHτ ciσe−Hτ , and 〈· · · 〉 ≡ Tr[ρ · · · ] denotes the thermal average at the temperature T with β = 1/(kBT ).
This Green’s function can be Fourier transformed to the imaginary-frequency space as
Gijσσ′(iωn) ≡
ˆ β
0
eiωnτGijσσ′(τ)dτ (A4)
7In the case of U = 0, we obtain the bare single-particle Green’s function in the eigen basis as
G(0)mlσσ′(iωn) =
δmlδσσ′
iωn − ˜m , (A5)
which is Fourier transformed to the real space as
G(0)ijσσ′(iωn) =
∑
m
ξimξjmδσσ′
iωn − ˜m , (A6)
where ωn = (2n+ 1)pi/β is the fermion frequency.
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Figure A1. (Color online) Feynman diagrams for the four second-order perturbative processes of exchanging particlehole
fluctuations.
Let’s define the real-space susceptibility function
χij(τ) ≡ 〈Tτ c†iσ(τ)ciσ′(τ)c†jσ′cjσ〉0,c = 〈Tτ c†i↑(τ)ci↑(τ)c†j↑cj↑〉0,c. (A7)
Here we only consider the connected Feyman’s diagrams in the bare level. Employing Wick’s theorem and Eq. (A6),
Eq. (A7) can be evatuated, whose Fourier transformation to the imaginary-frequency space is given as
χij(iΩn) =
∑
ml
ξimξjmξilξjl
nF (˜m)− nF (˜l)
iΩn + ˜l − ˜m , (A8)
where Ωn = 2npi/β is the boson frequency.
In the Kohn-Luttinger mechanism[1, 2], two electrons at the Fermi level acquire an effective interaction through
exchanging the particle-hole fluctuations. There are four relevant second-order processes at the bare-susceptibility
level for this mechanism, which are described by the four Feyman’s diagrams shown in Fig. A1, leading to the following
effective Hamiltonian,
Heff = −
∑
ijσ
tijc
†
iσcjσ + U
∑
i
ni↑ni↓ − µ
∑
iσ
niσ − (U2/2)
∑
ijσσ′
χijc
†
iσciσ′c
†
jσ′cjσ, (A9)
with χij ≡ χij(iΩn = 0).
The role of the effective Hamiltonian (A9) lies in that, for the calculation of the abnormal Green’s function rep-
resenting the pairing order parameter, the result obtained at the mean-field (MF) level using Hamiltonian (A9) can
approximately provide the result obtained up to the second-order perturbative expansion of the S-matrix (see Mahan’s
book [3], page 87-89) using the original Hamiltonian (A1). Therefore, we are justified to simply perform a MF calcu-
lation on the obtained effective Hamiltonian (A9) to obtain the pairing order parameter, which approximately has the
same effect of doing a second-order perturbative calculation on the original Hamiltonian (A1), engaging complicated
Green’s function skills. Note that the simple MF calculation on Eq. (A1) will not lead to SC, as the interaction here
is repulsive. In the following, we shall perform a MF study on Eq. (A9).
As the effective interaction (A9) is invariant under spin-SU(2) transformation, we can perform the MF decoupling
in the singlet and triplet channels separately. In the singlet channel Eq. (A9) is MF decoupled as
Hsmf =
∑
mσ
˜mc
†
mσcmσ + U(
∑
i
∆s†i 〈∆si 〉+ h.c.− |〈∆si 〉|2) +
U2
2
(∆s†ij 〈∆sij〉+ h.c.− |〈∆sij〉|2)χij
≡
∑
m,σ
˜mc
†
mσcmσ +
∑
m,n
∆˜smnc
†
m↑c
†
n↓ + h.c., (A10)
8with
∆s†i = c
†
i↑c
†
i↓, (A11)
∆s†ij =
1√
2
(c†i↑c
†
j↓ − c†i↓c†j↑), (A12)
The MF decoupling of Eq. (A9) in the triplet channel can be performed in three channels with the following three
order parameters,
∆t†ij (1, 1) = c
†
i↑c
†
j↑, (A13)
∆t†ij (1, 0) =
1√
2
(c†i↑c
†
j↓ + c
†
i↓c
†
j↑), (A14)
∆t†ij (1,−1) = c†i↓c†j↓, (A15)
which represents for the triplet-pairing components with the total Sz of the Cooper pair to be ~, 0 and −~ respectively.
Due to the spin-SU(2) symmetry, these three channels are exactly degenerate, which allows that we can only study
one component, e.g. the (1, 0) component, among the three ones. The MF decoupling in this channel reads as
Htmf =
∑
mσ
˜mc
†
mσcmσ −
U2
2
(∆t†ij 〈∆tij〉+ h.c.− |〈∆tij〉|2)χij
≡
∑
m,σ
˜mc
†
mσcmσ +
∑
m,n
∆˜tmnc
†
m↑c
†
n↓ + h.c., (A16)
with ∆t† to be the abbriviation of the ∆t†(1,0) in Eq. (A14). To make the calculation feasible, we constrain the
summation of energy within a small window, ∆E, around the chemical potential µ.
The BdG Hamiltonians for both the singlet and the triplet (1, 0) channels can be written as,
HBdG =
(
c†↑ c↓
) ˜ ∆˜
∆˜† −˜
 c↑
c†↓
 ≡ X†HBdGX, (A17)
where cσ is an abbreviation of (c1σ, · · · , cLσ) and L is the number of energy levels in the truncated energy window.
The BdG Hamiltonian can be diagonalized as
HBdG =
2L∑
m=1
Emγ
†
mγm, (A18)
with X = ωγ, where ω is the matrix of eigenvectors of HBdG. In the following, we derive the linearized gap equation
at the critical temperature Tc, solving which we can obtain Tc and the pairing symmetry. We shall demonstrate the
procedure of deriving the gap equation for the singlet channel as an example in the following, while for the triplet
(1, 0) channel, we shall only give the results.
The ∆˜ in Eq. (A17) can be self-consistently calculated by expanding ciσ by cmσ and further by γm. We demonstrate
the derivations as the following. For the singlet channel at any finite temperature T
∆˜smn = U
∑
i
ξimξin〈∆i〉+ U
2
2
√
2
∑
ij
χij(ξimξjn + ξinξjm)〈∆ij〉
= U
∑
i
ξimξin
∑
m′n′=1···L
m′′=1···2L
ω∗m′+L,m′′ωn′,m′′ξim′ξin′nF (Em′′)
+
U2
4
∑
ij
χij(ξimξjn + ξinξjm)
∑
m′n′=1···L
m′′=1···2L
ω∗m′+L,m′′ωn′,m′′(ξjm′ξin′ + ξjn′ξim′)nF (Em′′). (A19)
9Meanwhile, for triplet,
∆˜tmn =
−U2
2
√
2
∑
ij
χij(ξimξjn − ξinξjm)〈∆ij〉
= −U
2
4
∑
ij
χij(ξimξjn − ξinξjm)
∑
m′n′=1···L
m′′=1···2L
ω∗m′+L,m′′ωn′,m′′(ξjm′ξin′ − ξjn′ξim′)nF (Em′′)
=
U2
4
∑
ij
χij(ξimξjn − ξinξjm)
∑
m′n′=1···L
m′′=1···2L
ω∗m′+L,m′′ωn′,m′′(ξim′ξjn′ − ξin′ξjm′)nF (Em′′). (A20)
Here nF (...) represents the Fermi-Dirac distribution function. Noting that E and ω are implicit functions of {∆˜smn},
the Eq. (A19) is actually a self-consistent equation. In practice, it contain too many variables to optimize the solution
of the lowest free energy easily. Alternatively, we consider the temperature just below Tc, where the order parameters
are infinitely small and we can treat them perturbatively, as done in the following.
The BdG Hamiltonian is made up with two terms,
HBdG =
 ˜
−˜
+
 ∆˜
∆˜†
 . (A21)
When the second term goes to infinitesimal just below Tc, we can take it as perturbation, and calculate the E and ω
using perturbation theory. Up to the second-order perturbation, we have
Em =

˜m +
∑
n6=m
|∆˜mn|2
˜m−˜n ≈ ˜m,m ≤ L,
−˜m−L +
∑
n6=m
|∆˜mn|2
˜m−˜n ≈ −˜m−L,m > L,
(A22)
ωm,n = δmn, m, n ≤ L, (A23)
ωm+L,n =
∆˜∗nm
˜n + ˜m
, m, n ≤ L, (A24)
ωm,n+L =
∆˜mn
−˜n − ˜m , m, n ≤ L, (A25)
ωm+L,n+L = δmn, m, n ≤ L. (A26)
Substituting the perturbative results into Eq. (A19) and Eq. (A20), and keeping to first order on both sides, we
obtain the linearied gap equaitons,
∆˜smn =
∑
m′n′
[nF (˜n′)− nF (−˜m′)]
˜m′ + ˜n′
[
U
∑
i
ξinξimξin′ξim′ +
U2
4
∑
ij
χij(ξimξjn + ξinξjm)× (m,n⇒ m′n′)
]
∆˜sn′m′
= −
∑
m′n′
[nF (−˜n′)− nF (˜m′)]
˜m′ + ˜n′
[
U
∑
i
ξinξimξin′ξim′ +
U2
4
∑
ij
χij(ξimξjn + ξinξjm)× (m,n⇒ m′n′)
]
∆˜sm′n′ ,
(A27)
and
∆˜tmn =
∑
m′n′
[nF (˜n′)− nF (−˜m′)]
˜m′ + ˜n′
[
U2
4
∑
ij
χij(ξimξjn − ξinξjm)× (m,n⇒ m′n′)
]
∆˜tn′m′
=
∑
m′n′
[nF (−˜n′)− nF (−˜m′)]
˜m′ + ˜n′
[
U2
4
∑
ij
χij(ξimξjn − ξinξjm)× (m,n⇒ m′n′)
]
∆˜tm′n′ , (A28)
which are denoted as
10
∆˜s/tmn = F
(s/t)
mn,m′n′∆˜
s/t
m′n′ . (A29)
The problem defined in Eq. (A29) now becomes to seek the eigenvector(s) of the matrix F (s/t) (here we have taken
the mn as the row index and the m′n′ as the column index ) with unit eigenvalue. It is noticed that the F (s/t) is not
Hermition, so we turn to solve another equivalent eigenvalue problem for an Hermition matrix. Let’s define
˜˜∆s/tmn ≡ ∆˜s/tmn
√
[nF (−˜n)− nF (˜m)]
˜m + ˜n
, (A30)
then the Eq. (A29) becomes
˜˜∆s/tmn = F˜
(s/t)
mn,m′n′
˜˜∆
s/t
m′n′ , (A31)
where F˜ (s) and F˜ (t) are given by
F˜
(s)
mn,m′n′ = −
√
[nF (−˜n)− nF (˜m)]
˜m + ˜n
[
U
∑
i
ξinξimξin′ξim′
+
U2
4
∑
ij
χij(ξimξjn + ξinξjm)× (m,n⇒ m′n′)
]√
[nF (−˜n′)− nF (˜m′)]
˜m′ + ˜n′
(A32)
and
F˜
(t)
mn,m′n′ =
√
[nF (−˜n)− nF (˜m)]
˜m + ˜n
[
U2
4
∑
ij
χij(ξimξjn − ξinξjm)× (m,n⇒ m′n′)
]√
[nF (−˜n′)− nF (˜m′)]
˜m′ + ˜n′
.(A33)
Clearly, the matrix F˜ (s/t) now becomes real and symmetric, which is therefore Hermition.
The linearized gap equation Eq. (A31) takes the form of an eigenvalue problem for the matrix F˜ (s) or F˜ (t). The
superconducting critical temperature Tc is the temperature at which the largest eigenvalue of F˜ (s) or F˜ (t) attains 1.
The pairing symmetry is determined by the relative gap function ∆˜smn or ∆˜tmn, which is related to the eigenvector
˜˜∆smn or
˜˜∆tmn corresponding to the largest eigenvalue, i.e. 1, of the matrix F˜ (s) or F˜ (t) through the relation (A30).
Note that ∆˜smn or ∆˜tmn only serves as a renormalized gap form factor, and the global pairing amplitude will be
enhanced with the decreasing of T below Tc, determined by the minimization of free energy. Note that in the main
text, we have written the F˜ (s/t)mn,m′n′ on the above as F
(s/t)
mn,m′n′ .
II. BASIS FOR CLASSIFICATION OF PAIRING SYMMETRIES
Here, we prove that if the binary gap function ∆i,j is the real-space correspondence to a solution of the linearized
gap equation Eq. (A29), then ∆gˆi,gˆj will also be a real-space gap function corresponding to the solution of the equation
with the same critical temperature. As a result, all the gap functions {∆(α)i,j } (α = 1, 2, · · · ) corresponding to the
solution of the linearized gap equation with the same critical temperature just form an irreducible representation (IR)
of the D5 point group of the system. This builds the basis for the classification of the pairing symmetries.
Considering each element g ∈ D5, we have Pˆg|i, σ〉 ≡ |gˆi, σ〉, from which we obtain
PˆgciσPˆ
−1
g = cgˆi,σ. (A34)
Then, the effect of Pˆg acting on an eigenvector of the TB Hamiltonian is given by
Pˆgξi,m = ξgˆ−1i,m. (A35)
On the other hand, as the TB Hamiltonian is invariant under D5, its eigenvector(s) corresponding to the same
eigenvalue must furnish an IR of the point group. As a result, we have
Pˆgξi,m = ξgˆ−1i,m ≡ ξgˆ−1i,m˜α˜ =
∑
α˜′
D
(g,m˜)
α˜,α˜′ ξi,m˜α˜′ . (A36)
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Here we explicitly express the index m of an eigen state with a pair of indices, i.e. m ≡ m˜α˜, with the first index
labeling the energy level and the second one labeling the degenerate eigen state(s) with the same eigen energy. The
D(g,m˜) is the matrix corresponding to the element g for the IR furnished by the eigenvector(s) belonging to ˜m˜.
Making use of the obviously equality, χi,j = χgˆi,gˆj, it is convenient to show that the F (s) is invariant under the
following symmetry-group operation,
∑
µ˜ν˜µ˜′ν˜′D
(g,m˜)
α˜,µ˜ D
(g,n˜)
β˜,ν˜
D
(g,m˜′)
α˜′,µ˜′ D
(g,n˜′)
β˜′,ν˜′
F
(s)
m˜µ˜n˜ν˜,m˜′µ˜′n˜′ν˜′ =
[nF (˜m˜′)− nF (−˜n˜′)]
˜m˜′ + ˜n˜′
[
U
∑
i
ξgˆ−1i,n˜β˜ξgˆ−1i,m˜α˜ξgˆ−1i,n˜′β˜′ξgˆ−1i,m˜′α˜′
+
U2
4
∑
ij
χgˆ−1i,gˆ−1j(ξgˆ−1i,m˜α˜ξgˆ−1j,n˜β˜ + ξgˆ−1i,n˜β˜ξgˆ−1j,m˜α˜)× (m˜α˜, n˜β˜ ⇒ m˜′α˜′, n˜′β˜′)
]
=
[nF (˜m˜′)− nF (−˜n˜′)]
˜m˜′ + ˜n˜′
[
U
∑
i
ξi,n˜β˜ξi,m˜α˜ξi,n˜′β˜′ξi,m˜′α˜′ +
U2
4
∑
ij
χij(ξi,m˜α˜ξj,n˜β˜ + ξi,n˜β˜ξj,m˜α˜)×(m˜α˜, n˜β˜ ⇒ m˜′α˜′, n˜′β˜′)
]
= F
(s)
m˜α˜n˜β˜,m˜′α˜′n˜′β˜′
, (A37)
and so as F (t). From Eq. (A37), it can be easily proved that if ∆˜s/tmn ≡ ∆˜s/t
m˜α˜n˜β˜
is a solution of Eq. (A27) or Eq. (A28),
then (Pˆg∆˜s/t)m˜α˜n˜β˜ ≡
∑
µ˜ν˜ D
(g,m˜)
α˜,µ˜ D
(g,n˜)
β˜,ν˜
∆˜
s/t
m˜µ˜n˜ν˜ would also be a solution of Eq. (A27) or Eq. (A28) corresponding to
the same Tc. Let ∆
s/t
ij be the real-space correspondence of ∆˜
s/t
mn via the relation ∆
s/t
ij =
∑
mn ∆˜
s/t
mnξimξjn, then from
Eq. (A36) it’s easily obtained that the real-space correspondence of Pˆg∆˜
s/t
mn is ∆
s/t
gˆi,gˆj. Therefore, if ∆ij is a real-space
solution of the linearized gap equation with a Tc, then ∆gˆi,gˆj would also be a solution with the same Tc. As a result,
all the real-space solutions {∆(α)ij } corresponding to the same Tc furnish an IR of the point group, expressed as,
∆
(α)
gˆi,gˆj =
∑
α′
D
(g)
α,α′∆
(α′)
i,j . (A38)
Here D(g) is the representation matrix corresponding to the element g ∈ D5. From the IR that {D(g)} belongs to, we
can classify the pairing symmetry of the group of pairing states with gap functions {∆(α)ij }.
In the remaining part of this section, we show the difference between the classifications of pairing symmetries on
the QCs and periodic lattices: In the absence of the spin-orbit coupling (SOC) here, for each of the pairing symmetry
on the QC, both spin-singlet and spin-triplet pairings are possible; while on centrosymmetric periodic lattices, the
even (odd) orbital angular momentum is usually bound to the spin-singlet (triplet) pairing.
Usually, the classification of pairing symmetries is performed on the basis of the linearized gap equation or more
general the linearized Ginzburg-Landau theory obtained just below Tc. At such temperatures, the pairing gap goes
to zero, and the pairing state is in the weak-pairing limit (for most realistic superconductors, even the ground states
belong to this limit). On periodic lattices in the weak-pairing limit, the Cooper pairing only takes place around the
Fermi surface in the momentum space, and the Anderson’s theorem requires that the pairing should only take place
within intra-band. The pairing Hamiltonians are thus Hsp =
∑
kα(c
†
kα↑c
†
−kα↓ − c†kα↓c†−kα↑)∆s,αk + h.c. for the singlet
pairings and Htp =
∑
kα(c
†
kα↑c
†
−kα↓+c
†
kα↓c
†
−kα↑)∆
t,α
k +h.c., or
∑
kα c
†
kα↑c
†
−kα↑∆
t,α
k +h.c., or
∑
kα c
†
kα↓c
†
−kα↓∆
t,α
k +h.c.,
or their arbitrary mixing for the triplet ones, respectively. Here k and α label the momentum and band index
respectively. Note that due to the Fermi statistics, the gap function ∆s,αk (∆
t,α
k ) is even (odd) as function of k, as its
odd (even) part always cancels itself in the summation between k and −k in the ∑k. Generally, as an irreducible
representation of the point group containing the inversion symmetry, the even (odd) gap function ∆s,αk (∆
t,α
k ) belongs
to the irreducible representation marked by even (odd) orbital angular momentum l. However, for a QC, the lattice
momentum is no longer a good quantum number and the Anderson’s theorem is broken, so there is no corresponding
relationship between spin and orbital angular momenta.
Note that on noncentrosymmetric periodic lattice lack of inversion symmetry, each irreducible representation doesn’t
have definite parity of the pairing angular momentum. For example, on a lattice withD3 symmetry, the pairing angular
momentum l = 0 or l = 1 cannot be distinguished from l = 3 − 0 = 3 or l = 3 − 1 = 2, leading to ambiguity of the
parity of the l. In such cases, the pairing angular momentum is also independent from the spin statistics.
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III. TOPOLOGICAL INVARIANT
Based on theK-theory, the Chern number for a finite-size system can be expressed as the following pseudo-spectrum
invariant index[4, 5],
Cps =
1
2
Sig
 X Y + iH
Y − iH −X
 , (A39)
where Sig represents the difference between the numbers of positive and negative eigenvalues of the matrix acted
on, X and Y are position-operator matrices with X defined by X = diag(x1, x1, x1, x1, · · · , xN , xN , xN , xN ) and Y
defined similarly. The BdG-Hamiltonian matrix H is defined as
H =

h11 h12 · · · h1N
h21 h22 · · · h2N
...
...
. . .
...
hN1 hn2 · · · hNN
 , (A40)
in which h is the matrix of local BdG-Hamiltonian defined as
HBdG =
∑
ij
(c†i↑c
†
i↓ci↑ci↓)hij(c
†
j↑c
†
j↓cj↑cj↓)
†. (A41)
From the above introduced definition of Cps, it’s shown below that Cps has two universal properties.
Firstly, any global unitary transformation will not change Cps. Such unitary transformation is embodied as a site-
independent unitary matrix u performed on all the hij , leading to hij → h˜ij ≡ uhiju†. Defining the unitary matrix
U = diag(u, u, · · · , u), it can be easily verified that
U
 X Y + iH
Y − iH −X
U† =
 X Y + iH˜
Y − iH˜ −X
 , (A42)
which suggests that the global unitary transformation will not change Cps.
From the above property, it’s easily known that the two TRS-breaking triplet pairing states have the same Chern
number: one is described by the pairing term
∑
ij ∆ij(ci↑cj↓ + ci↓cj↑) + h.c., i.e. the (1, 0) component; the other is
described by
∑
ij ∆ij(ci↑cj↑ ± ci↓cj↓) + h.c., i.e. the (1, 1) ± (1,−1) component. Obviously, the two chiral pairing
states are mutually related by a global spin-SU(2) rotation (i.e. sˆz → sˆx, for the case of (1, 1) − (1,−1)) followed
by a spin-dependent U(1)-gauge rotation (i.e. c↓ → ic↓, for the case of (1, 1) + (1,−1)), which makes them share
the same Chern number. Further more, the matrix in the right side of Eq.(A39) for the (1, 1) ± (1,−1) state is
block-diagonalized into the spin-up block and the spin-down one, suggesting that the Chern number of the two chiral
triplet pairing state is twice as much as the one for a spinless system with the same pairing form factor.
Secondly, the Cps for a pairing state and that for its time-reversal (TR) conjugate is different by a sign. This
property is proved as follow. Under TR transformation, we have
ThijT
−1 =
 −iσy 0
0 −iσy
h∗ij
 iσy 0
0 iσy
 =
 σy 0
0 σy
h∗ij
 σy 0
0 σy

= −
 σy 0
0 σy
 0 I2
I2 0
hij
 0 I2
I2 0
 σy 0
0 σy
 = −
 0 σy
σy 0
hij
 0 σy
σy 0
 . (A43)
Here we have used the particle-hole symmetry of the BdG-Hamiltonian (in the third “=” above). Since
 0 σy
σy 0
 is a
site-independent unitary transformation, the Cps(H) is changed to Cps(−H) after the TR transformation. According
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to the following deriviation,
Sig
 X Y − iH
Y + iH −X
 = −Sig
 −X −Y + iH
−Y − iH X
 = −Sig
 0 I4N
I4N 0
 −X −Y + iH
−Y − iH X
 0 I4N
I4N 0

= −Sig
 X −Y − iH
−Y + iH −X

= −Sig
 I4N 0
0 −I4N
 X −Y − iH
−Y + iH −X
 I4N 0
0 −I4N
 = −Cps(H), (A44)
we know that Cps(H) = −Cps(THT−1).
From the above property, we can know that the Chern numbers of all TRI pairing states are zero, because they
should be equal to their opposite numbers. Therefore, all 1D-IR pairing states have zero Chern numbers, as the
gap functions in these pairing states are real, which are TRI. Further more, the TRI helical triplet pairing state
with pairing term
∑
ij(∆ijci↑cj↑ + ∆
∗
ijci↓cj↓) + h.c. and its gauge-rotated state
∑
ij(∆ijci↑cj↑ −∆∗ijci↓cj↓) + h.c. (with
c↓ → ic↓) should also have zero Chern numbers.
Besides the above two universal properties, there is another important question to ask: for a triplet and a singlet
pairing states with the same gap form factor except for the different exchanging parities, what’s the relation between
their Chern numbers? Obviously, the two states share the same pairing symmetry, but possess different total spins
for the Cooper pair. Our numerical calculations on a lattice with 3466 sites and with restricted hopping integrals up
to the third nearest neighbor show that such two pairing states share the same Chern numbers, although their total
spins of Cooper pair are different, suggesting that the Chern number is only related to the pairing symmetry.
IV. THE CURRENT OPERATOR
The α- component (α = x, y) of the vectorial current operator Jˆi at a specific site i is defined as
Jˆiα[A] = −δHˆ[A]
δAiα
= −δHˆTB[A]
δAiα
, (A45)
where A is the vector potential, which appears in Hˆ[A] through a modification of the HˆTB into
HˆTB[A] = −
∑
ijσ
tij exp(i
ˆ j
i
A · dl)c†iσcjσ. (A46)
In our linear-response consideration of the superfluid density, the field A is a weak and smooth field. In such a limit,
we can approximate Eq. (A46) as
HˆTB[A] ≈ −
∑
ijσ
tij[1 + i(Ai +Aj) ·Rij/2− [(Ai +Aj) ·Rij)]2/8]c†iσcjσ. (A47)
Substituting Eq. (A47) to Eq. (A45), we obtain the formula of the α- component of the current operator,
Jˆiα[A] =
i
2
∑
lσ
tilRil,αc
†
iσclσ + h.c.−
1
2
∑
lσ
tilRil,α(Ril ·Ai)c†iσclσ + h.c., (A48)
where Ril,α is the α- component of the relative position Ril ≡ rl− ri. The current operator consists of two parts, one
is the constant part called as the paramagnetic current and the other is the part proportional to the vector potential
called as the diamagnetic current.
Note that the current operator expressed as Eq.(A48) is TR odd,
T JˆiT
−1 = −Jˆi.
Therefore, the expectation value 〈Jˆi〉 in a TRI pairing state with A = 0 should always be zero. However, in a
TRS-breaking chiral pairing state, it’s possible to have 〈Jˆi[A = 0]〉 6= 0, suggesting the possibility of the spontaneous
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symmetry broken. But the total super current 〈∑i Jˆi[A = 0]〉 should be zero with A = 0, otherwise the macro
superfluid density should be infinity.
Then, let’s study the superfluid density, which is a tensor defined as
ραβs ≡ lim
Aβ→0
−〈Aβ |Jˆα[Aβ ]|Aβ〉
Aβ
. (A49)
Here Jˆα is the α-component of the total super current per site defined as Jˆ = 1N
∑
i Jˆi. In the following, we shall
prove that this tensor is diagonal and isotropic, i.e. ραβs = ρ0δαβ , for all the pairing symmetries listed in the Table. I
of the main text.
Let’s consider an infinitesimal A imposed on the system, which will induce a super current J ≡ 〈Jˆ〉, whose two
components satisfy,  Jx
Jy
 = −
 ρxx ρxy
ρyx ρyy
 Ax
Ay
 . (A50)
Let’s consider an arbitrary symmetry operation g ∈ D5 acted on the system. For any pairing symmetry listed in the
Table. I of the main text, the transformed gap function by g can be expressed as Pˆg∆mnPˆ−1g = eiθg∆mn, where θg
is the angle according to the specific representation. Therefore, the transformed Hamiltonian PˆgHˆBCSPˆ−1g can be
recovered to the original one by a succeeding global gauge transformation, ci,σ → e−iθg/2ci,σ, which will not change
the superfluid density. As a result, after the g ∈ D5 symmetry operation acted on the system, the superfluid density
tensor
 ρxx ρxy
ρyx ρyy
 doesn’t alert. On the other hand, the vectorial current and vector potential are transformed as
 Jx
Jy
→ Rg
 Jx
Jy
 ,
 Ax
Ay
→ Rg
 Ax
Ay
 . (A51)
As a result, we have [ρs, Rg] = 0 for any g ∈ D5. There are two types of Rg,
RCˆ 2pin
5
=
 cos θn − sin θn
sin θn cos θn
 = cos θnI − i sin θnσy, Rσˆx =
 1 0
0 −1
 = σz. (A52)
Setting ρs = αI + βσx + µσy + νσz, it can be verified that [ρs, Rg] = 0 → β = µ = ν = 0. As a result, we have
ραβs = ρ0δαβ . Our numerical calculation agrees with this theoretical result, and the linear response along the direction
x is shown in Fig. A2, which suggests a nonzero superfluid density.
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Figure A2. (Color online) Linear response of the macro super current to an imposed vector potential A along the x- direction
in a triplet d+ id/f + if state at the filling 0.985 and U/WD≈0.09.
